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Speckle Interferometry
For a Partially Coherent Source

1. INTRODUCTION

The conventional theoretical result ’ 9  for the spatial frequency spectrum of

a source, as obtained using speckle inter !erometry4’ 
‘
~ is based on the assumption

that the source is spatially incoherent . This assumption is not restrictive when

imaging distant stars, because the coherence patches are generally unre3olvable

by the Imaging system ; however, when one tries to obtain detail over sizes on the

order of the spatial coherence length , the conventional theory is no longer valid,

and must be modified. In this paper we will obtain the frequency transfer function

for the combination of atmosphere and Imaging system in the case when the source

is partially coherent, and can be represented by the quasi-stationary model em -

ployed by Carter and Wolf , 10 and Leader. 11 The limiting case when the source

consists of 2 poInt sources with random phase relationship has been studied by

Miller and Kor!!. 12

(Received for publicatIon 29 March 1979)

Due to the number of references to be Included as footnotes on this page, the
reader Is referred to the list of references, page 15.
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2. ANA LYTICA L FORMAUSM

In the Labeyrie6’ 
‘
~ procedure a series of short exposure photographs of a

star are taken and then successively projected , in the conventional manner, by a
laser onto a second piece of film. This leads to an evaluation of the ensemble
average of the modulus squared of the Fourier transform of the Irradiance, aM
gives finer detail than conventional seeing calculations predict should be resolv-
able in the presence of atmospheric turbulence.

In order to discuss the aforementioned method quantitatively, let us refer to
Figure 1. l I t h e  field distribution of the source is denoted by u0(~ 1), the field in
the image plane, where film is located is,

-ik(L+x) 2= 
e f f  d p 1 u0(~ 1) M ~~~~~ ( 1)

where 

-

~~~

M~~1,~~) ,[f d2 p 2 T(~2) exp { ik ~~2~ (..&~L ÷~~) + 
~
i
~~2s~~1) . (2)

In writing Eq. (1) we have assumed that * the film is in the Fraunhofer zone of the
source, defined T(~,2 ) as the tranamissivity of the aperture and k = 2~ /X as the
signal wavenurnber . Also 

~
1’
~~2’Ll~ 

is the additional complex phase, due to atmos -
pheric turbulence, of a spherical wave propagating 11 ~ ~he point (x,~~1) on the
source to the point (0,~~2

) in the aperture. The short_exposure ** transparency on
the film is proportional to U

f
U~~ . N such short exposures are made, with the time

interval between successive exposures greater than the atmospheric coherence
time, so that we have N statistically independent short exposure photographs . If
a photographic plate is then placed at x -L , and these exposures successively
projected onto it, it Is found that the transparency on the plate Is proportional to

whe re

the film is In the Fresnel zo~ie, we sim ply replace u~
(
~

) by u/i) exp (I k p
2

/2L),• and u0(~ 1) b y u 0~ai ) exp ( - i k p 1/ 2x) .
**By short exposure we mean short compared with the coherence time of the .atmosphere,

6
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1 (w) = 

(
~~

)

2 ff’ d 2p Iuf(~
) J 2 e~— 2. (3)

w is the radian spatial frequency, and ( ) denotes an ensemble average over the
statistics of the turbulence. This average occurs because the transparency on
the plate is the sum of N >> 1 short exposures.

We can relate the quantity in Eq. (3) to the source distribution by substituting
Eq. ( 1) for u1(~). The result is

If(w) = (2iXx) 2 d2p 1 d2p 2 d2p 3 u0~~1) u ( ~ 3) Tca 2)T *(p.a 
~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (~~j  ~~~~~~~~~~~~~~~~~

(4)

The overbar on the quantity u ( ~~1) u (~~ ) indicates an average over source statis-
t ics , and arises because it has been tacitly assumed that the exposure time of the
individual speckle pattern is much longer than the source coherence time, but of
course, much shorter tha n the coherence time of the turbulent atmosphere.

For a spatially incoherent source one usually assumes u0(~ 1)u ~~ç~ 3) =

A~ I5
(~•~)6  (~~ - ~ 3) where 6 ( . . . )  is the Dirac delta function and I~ is the source

irradiance distribution. However, for partially coherent sources this assumption
is invalid , and instead we shall employ the quasi-stationary model used by Carter
and Wolf , 10 and others. That is, we shall write

~o~~l o ~~ 3~ 
~~

(
~~1~~~~3) g(~ -~~3) (5)

where g is the correlation function of the source. In writing Eq. (5) , It is tacitly
assumed that the source coherence length is much smaller than the total size of
the source.

8 



We now use Eq. (5) In Eq. (4) , define sum and diffe re’nce coordinates

~ ~~~ ~~ ta~ ~.a31I2 • etc. , and then per form the ensemble average over

the turbulence statistics , assum ing that the source lies wholly wi th in  an isoplanat ic

turbulence patch, so that ~~~~~~~~ ~(p, 0). The result is

(~ lf(w ) I 2 ~ H (w ) ( 15 ~~~ , (6)

where

( 2T) ”~ f f  d2v 15(v) exp (-W . v) . (7)

Therefore , the modulus squared of the Fourier transform of the source distribu-

t ion is linearly related to the measured quantity, ( l i f t 2 ’. Also in Eq. (6) , we have

defined

H(~ ) (Xx) 4 J ~f d2.y K0(w ,1) exp - D 1 ~ .~~, o) - D 1(1, 0)

+ -
~
- D~ (i

.. w~~~. o) +-4 D 1 (1+~~~. o)~ (8)

where

~ ff d~ r TCT + l/2)T *(T ~ ~J 2  +01./k)

- 1J2)T(r - i/2 + w L / k ) G ( .!,~~~w ) G *(L -~~,_ ~~)

*The derivation of the average,
* *(exp(i~dE25~~1) + 

~ ~e.2 ÷ w L / k ,~~1
) + 

~ ~~~~~~~ 
+ 

~~~~~~
over the statistics of the turbulence is given by Eq. (34) of R.  Fante, “ Some
results on the Imaging of Incoherent sources through turbulence, ” J. Opt. Soc.
Am. ~~~~~ 574-580 (1978).

9
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and

f J d~ Fg ( ~~) exp i - ~- F .  ( t ’~~~ 2 ~~~l . 2k )~ . (10)

The str u ctur e  (unction D 1 ~f the at m ospheric turbulence is given 1w

~ 30) .~~ .~ i- 0 ( 11)

and the atmospheric coherence lengt h. r 0~ is defined as

r - 3 5

r 1.46 k 2 J (x 
; 

x) C~ (x ’) dx
l] 

( 12)

where C2(x ’) is the index-of-refraction structure constant of the atmosphere.
The result in Eq. (6) is of the same form as previous results obtained for a

spatially incoherent source , but differs  in the definition of K0(w , ~ ). For a spa-
tially incoherent source , so that g(~ 1 -

~~~~~~~) A~ 6 
~~l 2.3~ 

where A
~ 

is the co-
herence area of the source, we find G ~ Ac~ and Eqs. (6).-.(l0) then reduce iden-
tically to the result of Kor(t t for the spatiall y incoherent source.

3. APPROXIMATE EVALUATION OF TRANSFER FUNCTION , H(~. )

We would now like to investigate the effect of the par t ia l  coherence on the
trans fe r function , 11(w). In order to do this , we wil l assum e that the source co-
herence function g~~) is given by

gQ) ezp 
(
~15.) , ( 13)

where a is the source coherence length. Upon using this expression in Eq. (10) ,
we find

exp - (i
~~

.)
2 

1! + j /2 + w L / 2 k ~
2 , ( 14)

• where is the coherence area of the source.

10 
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The next step is to substitute G into Eq. (9) and evaluate K0(w, rn y). For a

realistic aperture , such as on a telescope, 
~ 

~~~~) = 1 for l~.2 I ~ D and T(~ 2) = 0

for > D. Unfortunat ely , the expression for K in Eq. (9) cannot be~ evaluated

in closed form when thia expression is used for T(~ 2). Therefore, we have been

forced to approximate T(~ 2 ) by the function T(~ 2 ) = exp (- p~ JD
2), with the reali-

zation that, because we are approximating the edge diffraction , our results will

be valid only for radian spatial frequencies such that ~w j  < kD/L. That is, setting

0 for ~p..2 ( > D would give H(w) = 0 for > kD/L; however , because we

will approximate T(~ 2
) by exp (- p~~/D

2) we ~ i1l obtain an expression for 11(w)

which does not vanish for l~ l > kD/L. If the aforementioned approximation is

used, along with Eq. (14) , in Eq. (9) we find that

2 L2
j .A~~exp {-

~~2 D2 2 ( ~~~~+J~.)~

• 
• 

K0(w , �~) 1 1 
C 

• 
( 15)

(
~

+
~

)
where I~ 23/2 x/ (ka) (2/ lA c) ’/2 Ax is the coherence length, as measured at

the receiving aperture, of the field radiated by a coherence patch of radius a on

the source.
We next investigate the behavior of the function

C(w ,~~) = exp (-  D1(wL/k , 0) - D1(~, 0) +-}D1(y -w L / k , 0) +..~.D 1( y + t ~ L/k, 0)} .

(16)

It is found that for ~~ << kr0/L, this function can be approxim ated by unity. h ow -

ever, the more Interesting case occurs ** when Lwl >> kr0/L. In this limit,

• C(w, y) can be approximated by

C(w,1) ~ exp (— 211/r0 1 5”3 } . (17)

The result in Eq. (17) Is Inconvenient for analytical purposes; consequently, we

shall approximate the exponent in Eq. (17) by a quadratic function, so that

*The evaluation can be performed In the limit when G(~ ) = .A~ .

**We are assuming that r0 < D. For r ~ D, the atmospheric turbulence has an
insign ificant effect on the imaging. °

11 

—~~~~- -- 

- -_ __



~ - 2 . 2 ~’ l; r , h ( l ~~

I he fu i i c i iou  in Eq. i l t f l  t~~ •~u~-h tha t  C equal s  e~~ at th~ ~~ value  of as
the (unct ion in Eq . ( 1 7  -

• I t  we iioa use Eqs . i l : (  and i18 )  in Eq. (8 ) . w e  ~an ~a l~~u la t e  t h ~ t r a ns fe r
fun~-t ton I1(.~ i . i 0  i-  vaLu es of . sueh tha t  -

~~ kr i L , t he re su l t  is

• i l ~ 
K ~~

[1.  ~i.~:~
\
\ 2] 

~~~~ 
~~~~ 

2~~~~ H
2 1

where

• K .  ~~4 ”  
(

D)
4 ~ A 

( i
~~~ 4 

.

l iecause of our appr ox ima t ion  for ~~~~~ the re sult  in Eq. (1 ~ ~‘an be app lied to
r e a l i s t i c  ape rtu  i-es on ly  lot spat ia l  frequencies such that  ~ ki) I . In the 1 tin it
when r I) and the source is tn ~ oherent . so tha t  1 , ~. Eq. ~19) reduces to

• t he  h ig h - sp a t i a l  f requency app rox ima t ion  obtained h K or f f .  1

• For  values of Li such tha t  ~ kr 1. the eva lua t ion  of Eq. (8) gives t

HL~ 
K 

— t 2 1 )

• 
~~~~~~~~~~~~~~

A q u a l i t a t iv e  p lot of II  L )  is shown in F igure  2 , for the  l i m i t s  when r 1 1)
and r U . In th is  l a t te r  case , of course , the  turbulent  atmosphere does not
affect  the imaging.

• Note that  I lL )  is not normalized to un i ty  at =0 , as is often done.
•*Strict ly ~peaking t c never really becomes inf in ite , because a -~~ X . Therefore,

. 2~ /~ ‘-I x.
tJ3pcause r0 I assun ed to be less than U. the assumption that LI ~~ kr I.

implies th~ t ~~ I~ /kD 1 ... 1. Consequent Iv , in Eq. (2 1) we have approxii9tated
ex p (-w 2 L’/ k D’) by uni ty .

12
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To >> 0

2 2~~

[1+ (~p.)2] 
{‘~‘~ ‘ } {

(.P
0

) +2,3(-~~) }

r0<< 0

I(wL/~~)

Figure 2. Qualitative Plot of H(w) . The point P corresponds to
~~ -. kr / L —— 0

4. DISCUSSION

From Figure 2, we observe that the amplitude of H(w) at small spatial fre-
quencies is determined by the size of D/ 1~~. For >> D we get the usual
Labeyrle result, but when <.< D the result in Eq. (21) becomes H(w) -. 1.

• It is also interesting to observe the nature of the high-spatial-frequency
• plateau in 11(w) for the case when r0 << D. We will not discuss the case when

r0 >> D because in that limit atmospheric turbulence does not affect the image.
If r0 << D but >> D, we get the previous result of Korff ;  however , if r0 < < D  and

< < D  we find , for > kr~ /L

11(w) exp (-w 2L2/k 2D2) 
. (22)

1 + 2.296 (~)

13
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